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Abstract

The Curry-Havard isomorphismstatesthat typesare propositions
and that programsare proofs. This allows programmerdo state
andenforceinvariantsof programsby usingtypes.Unfortunately
the type systemsof today's functional languagesannotdirectly

expressinterestingpropertiesof programs.To alleviate this prob-
lem, we proposethe addition of threenew featuresto functional
programminglanguagessuch as Haslell: GeneralizedAlgebraic
DatatypesExtensibleKind Systemsandthe generationpropaga-
tion, anddischaging of Static PropositionsThesethreenew fea-
turesarebackward compatiblewith existing featuresandcombine
to enablea new programmingparadigmfor functional program-
mers.This paradigmmalesit possibleto stateandenforceinterest-
ing propertieof programsausingthetypesystemandit doesthisin

mannetthatleavesintactthefunctionalprogrammingstyle,knowvn

andlovedby functionalprogrammergverywhere.

Categoriesand Subject Descriptors D.3 [Softwag]: Program-
ming Languages

GeneralTerms Languages,Theorireliabilty, Veri cation

Keywords Logic, Curry-Howvard IsomorphismGADT, Haslell,
ExtensionaKind System

1. Intr oduction

Most functional programmershave certainly heardof the Curry-
Howard Isomorphism- typesare propositionsand programsare
proofs.But visualizinghow this canbe usefulin their day-to-day
programmingtasksis unclear The reasorfor this uncertaintycan
betracedto theweaknessf thetypesystemin commonfunctional
programmindanguagesThetypesexpressiblen Haslell andML-
like languagesare too weak to expressary but the most trivial
propertiesof programs.

The adwent of Genenrlized Algebraic Datatypes(GADTSs) has
changedthis. GADTs allow programmerto expressinteresting
propertiesabout programsusing types. Two example properties
are:sorting programswhoseoutputsareguaranteedo be ordered,
and device drivers whoseinteractionswith the hardware always
obey the correctprotocols.This paperexplains hov suchtypes
can be exploited to createmore rohust, reliable, and trustworthy
programs.n otherwords, this paperis aboutputting the Curry-
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Howard Isomorphismto work for programmersn a way thatis
bothusefulandeasyto understand.

2. The megaProgramming Language

This paperproposesertainkinds of extensionsto functionallan-
guageslike Haslell, StandardML, and O'Caml. Someof these
ideas,especiallythe additionof GADTSs, have beenarguedbefore
by the author[29 32] andothers[41 8, 11, 6, 18, 3]. Someideas,
like the additionof an extensiblekind system[3( have hadfewer
vocaladwcatesSome lik e thedeclarationpropagationandsolv-
ing of static propositionsare new to this paper The goal of this
papeiis to encouragelesigneraindimplementer®f functionallan-
guagecompilersto incorporateheseideasinto their languages.

To demonstratédoth the feasibility and utility of suchan ap-
proachwe have designedandimplementedhe programmingan-
guage mega.Descendedrom Haslell, megais a proof of con-
ceptdemonstrationTo malke our lives easier(implementingsev-
eral non-trivial extensionsplus all of Haslell's normalfeaturess
beyondour abilities)we have remared someHaslell featurefrom

mega.Mostnotably megahasno classsystemand megahas
astrict evaluationpolicy. Remaing the classsystemwasa strictly
pragmaticdecision.We'd love to seethe featuregproposedn this
paperin alanguagewith classesbut we have neitherthe time nor
theresourceso build suchanimplementationThe evaluationpol-
icy of megais moreproblematicandis discussedh detailin Sec-
tion 15. Otherthan thesetwo changeswe have tried to keepall
the otherfeaturesof Haslell not affectedby thesechangesntact.
In particular the syntaxof megais Haslell syntax.An important
designchoiceof megaisto enforcethephaselistinctionbetween
valuesandtypes.This choicedistinguishes megafrom mary sys-
temsbasedon dependentypes(e.g. Cayenne)put helps mega
programsretain their Haslell look-and-feel.We have tried hard
to only addfeaturesto Haslell thatretainHaslell's programming
style.

This papertells arathercomple storythatwill culminatewith
the direct use of the Curry-Howard isomorphismto describein-
terestingpropertiesof programs.To reachthat end,we introduce
a few tools alongthe way. The tools include several small (back-
ward compatible)featuresto Haslell to supportthe useof types
aspropositionsanda numberof interestingorogrammingpatterns
thatemploy thenew features.

The featureswe have addedinclude GeneralizedAlgebraic
Datatype(GADTS), the ability to extendthe kind systemto in-
troducenew typeswith kinds other than star, and the ability to
de ne and usetype-basectonstraintsto stateand enforcestatic
propertieson programsTheprogrammingpatternsve describan-
clude witnessobjects,singletontypes,constructingstatic witness
dynamicallyat run-time, andshifting betweenstaticand dynamic
type checking.We discusseachof thesein the next few sections.
Eachsectionis labeledeither with Featue if it is an additionto
Haslell, Patternif it is a paradigmaticuse of the featuresto ac-



complisha particularend, or Exampleif it illustratesthe use of
the Curry-Haward isomorphismto stateand ensurean interesting
propertyof a program.

3. Feature: ExtensibleKind System

In Haslell, valuesareclassi ed by types.Classi cationis a binary
relation,andin Haslell it is indicatedby the in x operator(:: ).
We write: (5:: Int) and (map:: (a->b) -> [a] -> [b]) ,
andwe say:5 hastypeint. In the sameway, typesare classi ed
by kinds. The classi cation of typesby kinds is only implicit in
Haslell programsTheusemever mentionskindsexplicitly, butthe
typechecler useskindsto seethattypesarewell-formed.Kindsin
Haslell are alwaysinferred, and the rangeof kinds is extremely
limited. Every possiblekind in Haslell can be describedby the
following simplegrammarwith only two productionskind! *O0,
andkind ! kind ~>kind. We usethe symbolcomposedf tilde
followed by greaterthan (~>) as an arrov at the kind level, to
distinguishit from thearrav atthetypelevel (->), sincetheseare
semanticallytwo very differentthings.

For example,using the sameoverloadedoperatorfor kinding
(:: ) asfor typing, we write: Int::*0 , andwe say:int is classi-
ed (or haskind) star-zeo. Other examplesinclude: Bool::*0 ,
and (Char,Int)::*0 . Type constructorsthat require types as
amguments,suchas 10, (->) , and[] have higher order kinds.
We write 10::*0 ~> *0, and (->):*0 ~>*0 ~> *0, and

D *0 ~>*0.

In Haslell, all (fully applied)types,suchasint , Bool, and
(Char,Int) havekind *0. In megawe allow the userto intro-
ducenew kinds (otherthan*0), andto introducenew typesthat
populatethesekinds. For example,consider:

kind State = Locked | Unlocked | Error
kind Nat = Z | S Nat
kind Rowx = RConsx (Row x) | RNil

Thekind declarationis just like the data declarationin Haslell,
exceptit introducesnew kinds(State , Nat, and Row ratherthan
new types andnew types(Locked, Unlocked, Error , Z, S, RNil,
andRCon}ratherthannew constructorfunctions Thenamesntro-
ducedall livein thetype-namespacgasopposedo thevalue-name
spacewherevariablesfunctions,andconstructorfunctionslive).

An importantpropertyof typesintroducedn kind declarations
is thatthesenew typesdo not classifyary values.In both mega
andHaslell valuesareclassi ed only by thosetypesthatareclas-
si ed by thekind *0. For example,

5: Int Int::  *0
id: (a -> a) (a -> a): *0
(5,True)::  (Int,Bool) (Int,Bool):: *0

Typesintroducedin a kind declarationare classi ed by the
kind introducedin that declaration.Typesthat classify no values
arenotnew to mega. All higherordertypes(type constructors)
alsoclassifynovalues,andareclassi ed by kindslike *0 ~>*0.

We can take this classi cation processseveral stepsfurther.
New kinds introducedby the kind declarationare classi ed by
sorts The simplestsort is *1. Most kinds introducedby kind
declarationsand the kind *0, are classi ed by the sort*1. The
exceptionto this rule are higher order kinds, like Row that are
classi edbysortslike (*1 ~> *1) . Thesorts*1 and(*1 ~> *1)
areclassi edby *2, etc.For example:

¥l *2

*1 ~>*1 *2
*0: *1
State:: *1
Nat:: *1

Locked:: State
Z:: Nat

S:: Nat ~> Nat
RCons:: forall

(a:*1) a ~> Rowa ~> Rowa

Like type constructorsthe new types,Locked, (S Z), etc.do
not classify ary values.We say suchtypesare uninhabited.One
may ask, “What use are uninhabitedtypes?” The answerlies in
theiruseasindexesto GADTS.

4. Feature: GeneralizedAlgebraic Data Types

Genenlized Algebraic Data Types(GADTS) are a generalization
of Algebraic Data Types(ADTSs). Both allow usersto de ne in-
ductively formedstructureddata.ADTs generalizeotherforms of
structuringdatasuchasenumerationggcordsandtaggedvariants.
For example,in Haslell we might write:

-~ An enumeration type

data Color = Red| Blue | Green

-- Arecord structure

data Address = MakeAddress NumberStreet Town

-- A tagged Variant

data Person = Teacher [Class] | Student Major

-- A polymorphic, recursive type

data Tree a = Fork (Tree a) (Tree a) | Nodea | Tip

To understandhe differencebetweenGADTs and ADTs con-
sider the declarationfor Tree that introducesthe polymorphic
Tree type constructar Exampletree typesinclude (Tree Int)
and(Tree Bool) . In factthetypeconstructoifree canbeapplied
to ary type whatsoger. This is called parametric polymorphism
Note how the constructorfunctions(Fork, Node andconstructor
constantgTip) aregiven polymorphictypes,wherethe polymor
phismis evidentin the parameter(a) of Tree in therangeof each
constructarWe have underlinedhe rangeto make this clear

Fork :: forall a .
Node:: forall a .
Tip :: forall a .

Tree a -> Tree a -> Tree a
a -> Tree a
Tree a

Whenwe de ne a parameterizedlgebraicdatatypetheforma-
tion rules enforcethis restriction: The rangeof every constructor
function, and the type of every constructorconstant,must be a
polymorphicinstanceof the new type constructorbeing de ned.
The restrictionis enforcedbecausehe rangeof the constructors
of anADT areonly implicitly given (asthe typeto theleft of the
equalsignin the ADT de nition, wherewe may only placetype
variables).

GADTsremore this restriction.They useanalternatesyntaxto
remove therangerestriction.In - megaanexplicit form of adata
de nition is usedto de ne GADTS. In this form, the type being
de nedis givenanexplicit kind, andevery constructoiis givenan
explicit type. We give two examplesof the alternateform belaw:

data Tree:: *0 ~> *0 where
Fork:: Tree a -> Tree a -> Tree a
Node:: a -> Tree a
Tip:: Tree a

data Term: *0 ~>*0 where
Const :: a -> Terma
Pair :: Terma -> Termb -> Term (a,b)
App:: Term(a -> b) -> Terma -> Termb

The rst is an equivalent declarationfor Tree (that doesnt
male ary useof the added e xibility). The secondde nes new
type constructoiTermthatmakesuseof the added e xibility. This



is evidentin the type of the constructorPair . Note that Termis
classi edbythekind*0 ~> *0. Thismeanst takestypesto types.

In the alternateform, no restrictionis placedon the typesof the
constructorsexceptthat the rangeof eachconstructormustbe a
fully appliedinstanceof the type beingde ned, andthatthe type
of the constructorasa whole mustbe classi ed by *0. Note how
the rangeof the constructorfunction Pair is a non-polymorphic
instanceof Term

To appreciatethe power of GADTSs, considerthat Terns are
a typed object-languageepresentationi.e. a data structurethat
representtermsin someobject-languagéelheaddedvalueof using
GADTs over ADTSs, in this case s thatthe meta-level type of the
representatiofiTerm a), indicateshetype of theobject-level term

@).

exl ;1 Term Int
ex1l = App (App (Const (+)) (Const 3)) (Const 5)

ex2 :: Term (Int,String)
ex2 = Pair ex1l (Const "z")

Typeinferencefor expressionghatperforma caseanalysisover a

GADT structureis not generallypossible(exceptin specialcases,
seg[33] for work on how type inferencemight be performed) but

typecheckingis. For example,consider:

eval :: Terma -> a
eval (Const x) = x
eval (App f x) = eval f (eval x)
eval (Pair xy) = (eval x,eval vy)

Theprototypedeclaration(eval Term a -> a)isrequiredin

megafor ary functionthatperformsacaseanalysisoveraGADT.
Fortunately functionsthat don't patternmatchover GADTs can
have Hindley-Milner typesinferredfor them(see[18] for how this
mixture of type-checkingand type-inferencds done).Requiring
prototypesfor only somefunctionsshouldbe familiar to Haslell
programmerssince polymorphic-recursie functions already re-
quireprototypes[1®

The problemwith type inferencefor the eval functionoccurs
inthethirdclause: eval (Pair x y) = (eval x,eval Yvy),
it seemslearthattheright-hand-sideof the equationrequiresthe
rangeof eval to besomeinstanceof a pairtype,i.e. atypeof the
form (c,d) . This impliesthateval cant have the polymorphic
type (Term a -> a). But, given a function prototype,we can
checkthatthetypeis consistenby thefollowing agument.

Inspectionshavs that agumentto eval in this clause(Pair
x y) hastype (Term(c,d)) , so underthe substitutionmapping
the type variable a to the type term (c,d) this clauseis well-
typed. Type checkingfunctionsthat manipulateGADTSs requires
someadditionalwork on the part of the compilerto constructand
manipulatesuchsubstitutions But this work is performedby the
compiler and the programmerneednot be concernedwith the
details[1§.

The parameterof the type constructorTerm (de ned as a
GADT) playsa qualitatively differentrole thantype parameterin
ordinaryADTs. Considetthedeclaratiorfor abinarytreedatatype:
data Tree a = Fork (Tree a) (Tree a) | Nodea | Tip.
In thisdeclaratiorthetypeparametea is usedto indicatethatthere
aresubcomponent®f Trees thatareof typea. In fact, Trees are
polymorphic.Any type of value can be placedin the “sub com-
ponent”of type a. The type of the valueplacedin a polymorphic
sub-componeris re ectedin the type of suchavalueasa param-
eterto thetype constructare.g.(Tree a).

Contrastthis with the a in (Term a) (de ned earlierin this
Section)Insteadthetypevariablea is usedto standfor anabstract

property(the objectlevel type of theterm represented)lype vari-
ablesusedin thisway leadto whatwe call index-polymorphisnfas
opposedo parametrigpolymorphism).Index typeshave beenwell
studied[3943] andwill play animportantrole in whatfollows.

By using new typesintroducedby kind declarationsas type
indexeswe canexpresg(andenforce)anamazingamountof struc-
ture on well-typed programs.Note how it is not necessaryor a
typeindex to beinhabited A typeindex statessomeabstracprop-
erty aboutthe valuebeingconstructednot thata sub-\alueof that
type occurssomavhereasa componentAt anintuitive level, this
is the differencebetweema typeindex andatype parameterType
indexesareintroducedwheneer we give a non-polymorphiaype
to therangeof a constructofunction.

5. Pattern: Indexed Datatypes

Typeindexed argumentso GADTSs allow usto ensurestaticprop-
ertiesof datastructuresConsidersequencesvherethe length of
the sequenceés encodedn its type asa type index. For example
thesequencéas; az; as] is classi edby (Seqa 3), andthetypeof
the Cons operatorthataddsan elementto the front of a sequence
wouldbea! Seqan! Sega(n+ 1). By usingtheNat kind
asthe index setwe de ne a GADT for sequenceswvith statically
known lengths.

data Seq:: *0 ~> Nat ~> *0 where
Nil::Seq a Z
Cons:: a -> Seqa m-> Seqa (S m)

Thetypesof functionsover typeindexed GADTS oftenwitness
importantpropertiesof the function. For example,a mapfunction
for sequenceswith type (@ -> b) -> Seqa n -> Seqb n
encodes proofthatmapdoesnot alterthe lengthof the sequence
it is appliedto.

mapSeq:(a -> b) -> Seqa n -> Seqb n
mapSeqf Nil = Nil
mapSeqf (Cons x xs) = Cons (f x) (mapSeqf xs)

Functionsover index re ned typeswhich manipulatethe type
index often require solving constraintsover the index set. For
example, considertype of the appendoperator:Seq a n !
Segam ! Seqa (n+ m).In orderto type suchfunctions
it is necessaryo do arithmeticat the type level at type checking
time. As dauntingasthis seemssuchsystemsave beenfoundto
be extremelyusefulfor eliminatingdeadcode[4Q, andeliminating
arrayboundchecks[42 Both of thesesystemsemplg/ a decision
proceduréfor solving linearinequalitieson integerswhich is used
by thetypechecler.

6. Feature: Type-Functions

We can illustrate this on a much simpler scaleby the mega
programin below:

plus : Nat ~> Nat ~> Nat
{olus Zy} =y
{plus (S x) y} = S{plus x vy}

app::Seq a n -> Sega m-> Seqa {plus n m}

app Nil ys =ys
app (Cons x xs) ys = Consx (app XS ys)

Thecodeintroducesa new type-functior(plus ), andthe de nition

of app. Type-functionsare functionsat the type level. We de ne

themby writing a setof equationsWe distinguishtype-function
applicationfrom type-constructofi.e. Tree or Tern) by enclosing
themin squigglybraclets.



Type checkingapp, generatesand propagatesqualitiescon-
straints, and requires solving the equations(Sfplus t ng =
fplus n ng) and(n = St) . Substitutingthe secondequality
into the rst we get (Sfplus t nyg = fplus (St ngy), and
applyingthede nition of plus we gettheidentity (Sfplus t ng
= Sfplus t ny).

7. Pattern: RelationshipsBetweenTypes

In Haslell, a classconstraintcan be viewed as a predicate(or
relation) over types. For example: (Eq a) statesthat the type
a must have an equality function de ned over that type. Multi-
parametetypeclassesvith two parametersanbeviewedasbinary
predicateqor relations).Any parameterizediatatype in Haslell
canalsobeconsideredsarelationon types.For examplethetype
[Int] statesthatthetypelInt canbe placedin lists. A value of
type[Int] canbethoughtof asaconstructve proofthatsuchlists
exist. Of coursesinceary type canbeplacedin alist (becausdist
is parametric-polymorphicduch“proofs” areof little practicaluse.

With the advent of GADTs and an extensiblekind systemwe
cande ne new typeswith interestingstructure andde ne GADTS
whosetype constructorscan be usedas meaningfulrelations.For
examplethekind Nat introducedn Section3, classi estypessuch
asZ and(S Z), and(S (S Z)) that have the structureof the
naturalnumbers.An interestingproperty of a naturalnumberis
whetherit is evenor odd.Considerthetwo GADTS:

data Even: Nat ~>*0 where
EvenZ:: Even Z
EvenS:: Oddn -> Even (S n)

data Odd: Nat ~>*0 where
0OddS:: Even n -> Odd(S n)

Both Even and Oddusetheir Nat argumentsastype indexes.
Unlike parametrigpolymorphictypes,theredoesnot exist a well-
typedvalue of type (Even a) for all typesa. For examplecon-
sider:

even2 :: Even (S (S 2))
even2 = EvenS(OddSEvenz)

oddl :: Odd(S 2)
oddl = OddSEvenz

A little thoughtshouldconvince thereaderthatif a well-typed
valuehastype(Even a), thenthe naturalnumbera mustbeeven.
A similar resultappliesto valuesof type (Odd b) . Valuesof type
(Even a) and (Odd b) are proofs of the propositionsthat a is
even,andb is odd.We call suchtypeswitnesstypes sincevaluesof

suchatypewitnessinterestingpropertieof their type parameters.

The useof naturalnumbersasindexesis so common,thatin
mega natural numbersas types can be written using syntactic
sugar In  mega we may write #0 for Z, and#1 for (S Z), and
#2 for (S (S 2)), etc. We may alsowrite #(1 + n) for (S n),
and#(2 + n) for (S (S n)) whennis atypevariable.
Of coursewe arenotlimited to unarypropertiever thenatural
numbersConsideithe binaryless-than-cequalrelation.

data LE :: Nat ~> Nat ~> *0 where
Base:: LE Z x
Step:: LExy -> LE(S xX) (Sy)

Considerafew valuesof type(LE a b).

le23 1 LE #2 #3

le23 = Step(Step Base)
le2x :: LE #2 #(2+a)
le2x = Step(Step Base)

Corvince yourself that only true statementsabout the ordering
betweematuralnumbersanbere ectedin thetypeof anLEvalue.
The typesEven Odd and LE are propositions,and the programs
(i.e.termssuchas(Step(Step Base)) areproofs.

We are not limited to expressingpropertiesover the natural
numbersAny kind with interestingstructurewill do. Considerthe
kind Polarity

= Plus *0
| Minus *0
| Product Polarity Polarity

kind Polarity

The typesPlus and Minus of kind (*O ~> Polarity) are
usedto tag ordinary typesthat classify values.For example,the
type (Plus Int) indicatesthatInt is to be usedin a positive
manney andthe type (Minus Bool) indicatesthat Bool is to be
usedin a negative manner In Section13 we will usepolarity to
attachinformationaboutthe inportsandoutportsof programshat
streamdata.The Product type constructorof Polarity  will be
usedto attachinformation to streamswith multiple inports and
outports.We will usePolarity to enforcetheinvariantthatonly
streamswith oppositepolarities can be connectedThe property
thattwo polaritiesare oppositecanbe witnesseddy the following
GADT.

data Opposite :: Polarity ~> Polarity ~> *0 where
PM:: Opposite (Plus a) (Minus a)
MP:: Opposite (Minus a)(Plus a)
PP: Opposite x a ->
Opposite y b ->
Opposite (Product x y) (Product a b)

The nullary constructorsPMand MPwitness the basic facts
that Plus is oppositeof Minus, and vice versa.The constructor
function PP indicatesthat compoundpolarities constructedwith
Product areoppositeif their componentsare pairwise opposite.
Like all witnesstypes,thereareno inhabitantf illegal properties
like (Opposite (Plus a) (Plus a)) . Two legal witnessesare
givenbelaw for thereaders inspection.

PM:: Opposite (Plus a) (Minus a)

(PP PMMP):: Opposite (Product (Plus a) (Minus b))
(Product (Minus a) (Plus b))

8. Pattern: SingletonTypes

Using the kind declarationit is possibleto constructnewn types
with signi cant structure For exampletypesZ andS of kind Nat,
allow the userto constructtypeswith the structureof the natural
numbers Sometimest is usefulto computeover this structurein
both the type-world and the value-world. For reasonsdiscussed
in Section16 we wantto completelyseparateypesfrom values.
Fortunatelywe canstill computeover typesby building re ections
of typesin the value-world. The ideais to build a completely
separatasomorphiccopy of the typein the value world, but still
retain a connectionbetweenthe two isomorphicstructures.This
connectionis maintainedby indexing the value-world type with
the correspondingtype-world kind. This is best understoodby
example.Considerre ecting thekind Nat into the value-vworld by
de ning thetypeconstructoMNat' usingadata declaration.

data Nat' Nat ~> *0 where
Z :: Nat' Z

S Nat' x -> Nat' (S x)

Here, the value constructorsof the data declarationfor Nat'
mirror the type constructorsn thekind declarationof Nat. Note



thatwe exploit thatthe namespacefor valuesandthe namespace
for typesare separateThus,we canusethe samenameZ for the

constructorfunction of the type Nat' (in the value namespace)
, and the type constructorZ of the kind Nat (in the type name
space)We dothesameor Saswell. Thisoverloadings deliberate,
becausehe structuresNat' and Nat are so closely related.We

maintainthe connectiorbetweerthe two isomorphicstructuresy

the useof Nat' 's typeindex agument.This type index is in one-
to-onecorrespondencwith the shapeof the value. Thus,thetype

index of Nat' exactly mirrorsits shape For exampleconsiderthe

exampletwo belaw, andpay particularattentionto the structureof

thetypeindex, andthe structureof thevaluewith thattype.

two ::  Nat' (S (S 2)
two =S (S 2)

We call suchrelatedtypessingletontypesbecausehereis only
oneelementof ary singletontype.For exampleonly S (S Z) in-
habitsthetypeNat'(S (S 2)) . It is possibleto de ne asingleton
typefor ary rst ordertype (of ary kind). All Singletontypesal-
wayshave kindsof theform | ~> *0 wherel is theindex we are
re ecting into the valueworld. We sometimegall singletontypes
representatiortypes We cannotover emphasizehe importanceof
the singletonproperty Every singletontype completelycharacter
izesthestructureof its singleinhabitantandthestructureof avalue
in a singletontype completelycharacterizeéts type. This pattern
is sousefulwe have consideredaddingderiving clausedor kinds.
For examplewe might write:

kind Nat = Z | S Nat
deriving Singleton Nat'

9. Pattern: Creating Propositionsat Run-time

Propositionssuch as LE capturestatic propertiesof their index
types. It is possibleto constructsuch witnessesdynamically at
run-time. For example, considerthe function comp:: Nat' a
-> Nat' b -> (LE a b + LE b a). Thistypetellsusthatif we
wishto comparewo value-world naturalnumberg(Nat' a) and
(Nat' b)) at runtime,we mustreturnone of two proofs((LE a
b) or (LE b a)) dependingon which of the naturalnumbersvas
larger Thein x sumtype (+) is isomorphicto the Either type
constructorin Haslell with injectionfunctions(L:: a -> a+b)
and(R:: b -> at+h). BecauseNat' is a singletontype, we can
essentiallydiscover the typeof theindex (x) by investigatingthe
structue of thevaluewith type(Nat'  x).

comp:: Nat' a-> Nat' b-> (LEab + LEb a)
compZ Z = L Base
compZ (S x) =L Base
comp(S x) Z = R Base

comp(S x) (S y) = case compx y of
Rp -> R (Step p)
Lp->L (Step p)

We can put LE propositiontypesto use by storing them inside
data structuresto witness propertiesof the data structures.For
exampleconsidera dynamicsortedsequenceype whose(Nat'
x) elementsarealwaysstoredin descendingrder

data Dss:: Nat ~> *0 where
Dnil::  Dss Z

Dcons:: (Nat' n) -> (LE mn) -> (Dss m) -> Dss n

A sequenceof type (Dss n) haslargest(and rst) element
of size n. The proposition(LE mn) storedin every conscell
guaranteeghat no ascendingsequencesan be constructed We
canmergetwo sortedsequencemto onelargersequencélVe must

dynamicallycomputenew LE proofsasthenew list is constructed.
We usethe compfunctionto do so.

merge :: Dssn -> Dss m-> (Dss n + Dss m)
merge Dnil ys = Rys
merge xs Dnil = L xs
merge (a@(Dconsx px xs)) (b@(Dconsy py ys)) =
case compx y of
L p -> case merge a ys of
L ws -> R(Dconsy p ws)
R ws -> R(Dconsy py ws)
R p -> case merge b xs of
L ws -> L(Dcons x p ws)
R ws -> L(Dcons x px ws)

10. Example: Sorting

Constructinga sorting function from a meige functionis a small
step.Thefunction msort will producea sortedsequencdrom an
ordinarylist of (Nat' t) inputs.Unfortunatelya list suchas[Z,
S Z] isill-typed sinceZ::Nat' #0, and(S Z)::Nat' #1 have
differenttypes.We must hide the type index to Nat' so thatall
theelementsn thelist have the sametype. Fortunatelywe canuse
GADTsto encodesxistentiallyquanti ed types.

data Covert::
Hide::

(Nat ~> *0) ~> *0 where
(t x) -> Covert t

The type variablex in the declarationfor Covert is existentially
quanti ed sinceit doesnot appearin the rangeof the constructor
Hide. In Haslell we would accomplisithe samething by:

data Covert t = forall x . Hide (t x)

To constructlist of covertnaturalnumbersye applytheHide
constructorto eachone.In  mega, the hashsyntacticsugaris
overloadedo work on both Nat atthetypelevel, andNat' atthe
valuelevel.

inputList
inputList

© [Covert Nat'
= [Hide #1,Hide #2,Hide #4, Hide #3]

To constructa sortedsequencesplit a list into two parts,sort
eachof the parts,andthenmeigetheresults.

split [] pair = pair

split  [x] (xs,ys) = (X:XS,yS)
split  (xiy:izs) (xs,ys) = split zs (x:xs,y:ys)
msort :: [Covert Nat] -> Covert Dss

msort [] = Hide Dnil
msort [Hide x] = Hide(Dcons x Base Dnil)
msort xs = let (y,z) = split xs ([I.[})
(Hide ys) = msort y
(Hide zs) = msort z
in case mergeys zs of
L z -> Hide z
R z -> Hide z

Note how the type of msort guaranteeshat the resulttype will
be sorted.We can test our function and obsere its results by
evaluating(msort inputList)

Hide (Dcons #4 (Step (Step (Step Base)))
(Dcons #3 (Step (Step Base))
(Dcons #2 (Step Base)

(Dcons #1 Base Dnil))))



11. Feature: Static Propositions

Thereis oneglaring problemin the processllustratedabore. We
mustconstructandstorethe LE proofsin the sortedlist aswe go,
andtheseproofs canbe large. We canremove this obligation by
requiringthattheseproofscanbeconstructedtaticallyat compile-
time. The proofsdo not needto be passedaround,constructedor
manipulatedat run-time.In  mega static propositionsare much
like classconstraintsin Haslell. A static propositionappearsas
constraintin the type of a term. We illustrate this with the Static
SortedSequencelatatype.

data Sss:: Nat ~> *0 where
Snil::  Sss #0
Scons:: LEa b =>Nat' b -> Sssa-> Sssb

Notethatthetypeof Sconsis aconstrainedype.Wheneerthe

Sconsconstructofunctionis used astaticobligationis generated.

This obligationrequiresa static proof that the largestelement(a)
in the sublist is less-than-eequalto the elementbeingadded(b).
Suchstaticpropositionsaretreatedexactly lik e classconstraintsn
Haslell. They arepropagatedndsolved by the type checler. For
example\ x y z -> Scons x (Scons y z) is giventhetype:

foral abc. (LE ablLE bc) =>
Nat' ¢ -> Nat' b -> Sssa -> Sss ¢

Any datatype canbe declaredto be a propositionby the use
of the prop declarationA prop declarationis identicalin form to
adata declarationandhasalmostexactly the samesemanticsit
introducesa new type constructorandits associateqvalue) con-
structorfunctions,but in addition,it alsoinformsthe compilerthat
the new type constructorcanbe usedasa staticlevel proposition
thatcanbeusedasa constraintFor example,by changingdata to
prop wedeclare:

prop LE :: Nat ~> Nat ~> *0 where
Base:: LEZ a
Step:: LEab -> LE(S a) (S b)

The type LE is introduced(exactly as before) with constructor
functionsBase and Step.Theseconstructordinaryvalues.But the
typeLEcannow alsobeusedasstaticconstraintThecompileruses
the type of the constructorfunctionsfor LE to build the following
constraintsolvingrules,thatreducea constrainto a setof simpler
constraints.

Base: LEZ a --> {}
Step: LE(S a) (S b) --> {LE a b}

Theserules can be usedto satisfy obligationsintroducedby
propositionaltypes.Theserulesfollow directly from the typesof
the constructorfunctions that are the only legal mechanisnior
constructingvaluesof type LE

The usercanintroduceadditionalrulesdescribinghow to dis-
chage constraintsby writing normal value-world functionsthat
manipulatevaluesof the constrainttype asordinarydata.This al-
lows programmergo introduceand prove theoremsabout static
level constraints.

These “theorem” functions describehow new propositional
factscanbeintroducedby computingover olderfacts.For example
we canshav that LE is transitive by exhibiting the total function
trans with thefollowing type.

trans © LEab-> LEbc ->LEac

trans Base Base = Base

-- trans (Step z) Base = UNREACHABC®DE
trans Base (Step z) = Base

trans (Step Xx) (Step y) = (Step(trans X y))

Because(Base z)::LE (S w) (S x) and Base::LE Z vy,
thesecondtlauses unreachableSuchacall would requirethetype
variableb in the prototypedeclaratiorto be simultaneouslyS w)
andZ, a contradiction.Thusa call to (trans (Step z) Base)
can never be well typed. Since this function is total, the term
describingthe de nition of the functionis a proof, andits typeis
a proposition The type of the function becomesa new rule that
canbeusedto satisfypropositionabbligations. Thetype of trans
is nov addedto the theoremprover usedby the type checler to
dischage obligations.

trans: LEab --> {}
if (Exists ¢). LEac, LEc b

Thisrule saythatwe cansatisfy(LE a b) if wecan nd aconcrete
¢ suchthat(both)(LE a c) and(LE c b).

12. Pattern: Static Versionsof Dynamic Types

Thetype (LE' n m)is astaticversionof the LE propositiontype
from Section?.

data LE' :: Nat ~> Nat ~> *0 where
LE:: (LE mn) =>LE' mn

Unlike its dynamic counterpartLE' is a one-pointtype. But it
is a polymorphictype, andits single value can have mary types.
Contrastthis with valuesof type LE thatcanhave arbitrarily large
size,wheread E' valuesalwayshave unit size.We cannow redo
thefunctioncomp but malke it returnastaticLE' typeinsteadof a
LE proposition.

compare :: Nat' a -> Nat' b -> (LE' ab + LE' b a)
compare Z Z =L LE
compare Z (S x) =L LE

compare (S x) Z R LE
compare (a@(Sx)) (b@(Sy)) =
case compare x y of
R (p@LE)-> RLE -- HERE
L LE-> L LE

Thefourth clauseof comparerequiressomeexplanation.Con-
trastthiswith thedynamnicclausein thefunctioncomp It appears
that the patternandthe left-hand-sideof eacharm of the caseis
identical, makingthe caseanalysisunnecessanBut in reality the
two LE witnessedqon the left andright handsidesof the match)
have differenttypes.

Patternmatchingagainsta constructorfunction (like Scons or
LE) causeghe static constraintsassociatedvith that constructors
typeto be availableasassumptionén the scopeof the match.For
examplein thescopdabeledby thecommenHERIH thede nition
of comparewe have thefollowing typesfor thevariablesin scope.

a :: Nat' #(1+_c)
b 1 Nat' #(1+_d)
X o Nat' _c
y :: Nat' _d
compare x y :: ((LE' _c _d)+(LE' _d _c))
p: LE' _d_c
Becausewe arein the scopeof p we canassumegLE _d _c).
In this context we return (R LE) that we expect to have the
type ((LE' #(1+_c) #(1+_d))+(LE' #(1+_d) #(1+_c)))
Striping off the suminjection R the term LE can have the type
(LE' #(1+_d) #(1+_c)) if in the currentcontext we candis-
chage the obligation (LE #(1+_d) #(1+_c)) . Using the rule
Step this is reducedto (LE _d _c), but this is exactly the as-
sumptionintroducedby the patternp.

The functionmerge2is analogougo merge exceptit emplagys
astaticLE' proof,andbuilds staticsortedsequenceSss.



merge2:: Sss n -> Sss m-> (Sss n + Sss m)
merge2 Snil ys = Rys
merge2 xs Snil =L xs
merge2 (a@(Scons x xs)) (b@(Sconsy ys)) =
case compare x y of
L LE -> case merge2 a ys of
L ws -> R(Scons 'y ws)
R ws -> R(Scons y ws)
R LE -> case merge2 b xs of
L ws -> L(Scons x ws)
R ws -> L(Scons x ws)

The function merge2is a vastimprovementover mergein thatit
constructonly 1 pointLE' proofs,anddoesall thereasoningbout
proofs at compile-time. The function msort2 is de ned almost
exactly thesameasmsort exceptit builds staticsortedsequences.
msort2 :: [Covert Nat] -> Covert Sss
msort2 [| = Hide Snil
msort2 [Hide x] = Hide(Scons x Snil)
msort2 xs =
let (y,z) = split xs ([I.[)
(Hide ys) = msort2 y
(Hide zs) = msort2 z
in case merge2ys zs of
L z -> Hide z
Rz -> Hide z

The resultof sorting, as static sortedsequenceaontainsno less-
than-orequalproofs.

Hide (Scons #4 (Scons #3 (Scons #2 (Scons #1 Snil))))

Contrastthis with the outputof msort attheendof Sectionl10.

13. Example: Infopipes

The Infopipes Project de nes a set of generictools for build-
ing data-streamingpplications.An Infopipeline is more than a
streantransducecapableof transformingdata,it canindicatenon-
functionalaspect®f the streamjncluding propertiedik e the pres-
enceof buffers,andwhetherthe datais pushedor pulled through
thepipe.A goodway to understandheseaspectss to useananal-
ogy with real plumbing, wherethe water is replacedwith data,
and datacan be pumped,drained,or storedin tanks.Furtherin-
formationanddetailson Infopipescanbe obtainedat the infopipe
websites[1h

An example Infopipeline is a video-streamingapplication,
wheredatafrom multiple sources(a cameraand a microphone),
is buffered,encodedandcompressedransmittedover a TCP con-
nection,andthendecodedand displayedat a remotelocation.In-
terestingcharacteristicsf Infopipesinclude:

The endsof an Infopipe can be either positive or negative,
pushingor pulling data,or waiting for datato be pulled-from
or pushed-intadjacenttonnectionsn the Infopipeline.In the
Infopipelexiconthisis calledpolarity.

Infopipescanhave varying numbersof inportsandoutports
Infopipescansplit andmeigein arbitraryways.

Infopipe componentsare polymorphicover the kind of data
streamed.

Every completenfopipe startsatoneor moresouices andends
at oneor moresinks. Datamay only streamthroughinfopipes
thataregroundedat bothendswith sourcesandsinks,but open
pipes thatarenotgroundedareusefulcomponentsor building
largerpipes.

Infopipesaremeantto be high-level abstractiongor describing
generic pipelinesthat can be instantiatedto build efcient and
maintainablesystemsTherearetwo implementationsf Infopipes.
The rst is built from object-orientedcomponentsn a version
of Smalltalk, and the secondis built in Haslell. Infopipes are
dynamicallycon gured at start-uptime, andoncecon gured, are
setinto action.The Infopipesprojecthasbeenstudyinga domain-
speci ¢ languaggDSL) for staticcon guration of Infopipes.The
type systemof the DSL should ensurea numberof properties
statically:

Positive ports are connectedonly to negative ports, andvice-
versa.

Outportsof a pipe streamingobjectsof type a shouldonly be
connectedo inportsof pipesstreamingpbjectsof typea.

The number type, and polarity of inportsand outportsshould
beevidentin thetypeof aninfopipe.

Only pipesthat are completely groundedshould be set into
action.Thereshouldbenolooseends.

We have used maega's type systemto designaninterfacethat
meetsall theserequirementsThetype systemintroducesonedata
type (Pipe) to denotethe type of an Infopipe, two new kinds
(Polarity andPort ), onepropositiontype (Opposite ).

Pipe:: Port ~> Port ~> *0
kind Port = Source | Sink | Open Polarity

= Plus *0
| Minus *0
| Product Polarity Polarity

kind Polarity

The type Pipe is indexed by two Port s. Theseare intended
to indicatethe input and output ports of the pipe. Details (and a
completede nition) aregiven later A Port is eithera grounded
Source, a groundedSink, or an Openport. The kind declaration
Polarity (repeatecherefrom Section7) is usedto tag an open
port with its polarity. For example,(Plus Int) denotesanopen
positive port streamingntegers,while (Minus Bool) denotesan
opennegyative port streamingbooleans.

Thus (Pipe Source (Open (Plus Int))) is thetype of a
pipe with no inputs(it's a source),and one (ungrounded)positive
integer output. The type constructoProduct is usedto construct
Infopipes with multiple inputs or outputs.For example: (Pipe
(Open (Product (Plus Int) (Minus Bool))) Sink) is a
pipe with two inputs. The rst is a positive port pulling integers,
and the secondis a negative port acceptingbooleans.It hasno
outputports(it' sasink).

Connectingportsrequiresthat the two endsof the connection
areopenandareof oppositepolarity. For thiswe usethe Opposite
propositiondatatype introducedin Section7, but we redeclarat
hereasa static proposition(we usethe keyword prop insteadof
data) becauseve intendto useit statically

prop Opposite :: Polarity ~> Polarity ~> *0 where
PM:: Opposite (Plus a) (Minus a)
MP:: Opposite (Minus a)(Plus a)
PP: Opposite x a ->
Opposite y b ->
Opposite (Product x y) (Product a b)

This introducesthe following rulesthat can be usedby the type
checlerto dischage Opposite obligations

PM: Opposite (Plus 'a) (Minus 'a) --> { }



MP: Opposite (Minus 'a) (Plus 'a) --> {}
PP: Opposite (Product 'a 'b) (Product 'c 'd)
--> {Opposite 'a 'c, Opposite 'b 'd}

The Pipe datatypedeclareshe operatorsn the DSL for con-
guring Infopipes.

data Pipe Port ~> Port ~> *0 where
PosSrc Pipe Source (Open (Plus a))
NegSrc Pipe Source (Open (Minus a))
PosSink Pipe (Open (Plus a)) Sink
NegSink :: Pipe (Open (Minus a)) Sink
Buffer :» Pipe (Open (Minus a)) (Open (Minus a))
Pump :» Pipe (Open (Plus a)) (Open (Plus a))

-- stream transducers
Filter : (a -> Bool) ->
Pipe x (Open (n a)) ->
Pipe x (Open (n a))
Map T (a ->b) >
Pipe x (Open (n a)) ->
Pipe x (Open (n b))

-- Connecting two pipes
C :» Opposite (ma) (n a) =>
Pipe x (Open (m a)) ->
Pipe (Open (n a)) y -> Pipe x y

-- Pipes with multiple inputs and outputs

Dup :» Pipe x (Open (y b)) ->
Pipe x (Open (Product (y b) (y b)))
Merge t (a] -> [b] > [c]) ->

Pipe x (Open (Product (y a) (y b)) ->
Pipe x (Open (y c))

Pipe (Open x) (Openy) ->

Pipe (Open a) (Open b) ->

Bundle

Pipe (Open (Product x a)) (Open (Product vy b))

-- Grounding one input or output of a multi-pipe

Sourcel Opposite (n x) (m x) =>
Pipe Source (Open (n x)) ->
Pipe (Open (Product (m x) b)) y ->
Pipe (Open b) y

Source2 Opposite (n x) (m x) =>

Pipe Source (Open (n x)) ->
Pipe (Open (Product b (m x))) y ->
Pipe (Open b) y

Sink1 ;. Opposite (n x) (M x) =>
Pipe y (Open (Product (m x) b)) ->
Pipe (Open (n x)) Sink ->
Pipe y (Open b)

Sink2 :» Opposite (n x) (M x) =>
Pipe y (Open (Product b (m x))) -
Pipe (Open (n x)) Sink ->
Pipe y (Open b)

\%

-- Begin processing data in a grounded pipe
start 1 Pipe Source Sink -> 10()

Thereareoperatorgor creatingsource§PosSrc andNegSrg,
and sinks (NegSink and PosSink),Buffer s, Pump, Map and
Filter s. The C(Connectionor Composition)operatorhasanin-
terestingype:

C:: Opposite (ma) (n a) =>
Pipe x (Open (m a)) ->
Pipe (Open (n a)) y ->
Pipe x y

We can connectan positive sourceto a negative sink by using
the function C (C PosSrc NegSink) or by using C as an in-

x operator(by surroundingit with back quotes)we can write
(PosSrc "C° NegSink).

If we canstaticallyshav that(m a) and(n a) areopposites,
thenwe areallowedto compose (Pipe x (Open (m a))) with
a(Pipe (Open (n a)) y) togeta(Pipe x y).

Dup Merge and Bundle, split, consume,and create pipes
with multiple inputsandoutputs.Sourcel, Source2, Sinkl, and
Sink2 groundonepartof a multiple port pipe simplifying it to a
singleport pipe.

Pipesareconstructedy combiningthe operatorslllegal com-
binationsare detectedand disalloved statically by the type sys-
tem. The staticOpposite constraintsarisingfrom the useof the
constructorsg Sourcel, Sink1, etc.,arecollectedanddischaged
silently by thetype systemaslong asthey areusedcorrectly

pl = NegSrc 'C° Pump’f Dup'f merge 'C° NegSink
where alternate  (x:xs) ys = x : alternate ys xs
merge = Merge alternate
f xXy=yx

But, if usedincorrectly an error messages returned.For ex-
ampleconnectingan positive sourceto an positive sink, raisesthe
following messagevhile dischaging the accumulateabligations:

prompt> PosSrc "C* PosSink
The proposition:  (Opposite (Plus a) (Plus a))
can never be solved.

lll-formed pipelineswith respectto polarity can never be con-
structed.

This examplemerely shaws that we canusethe extensionsto
Haslell we have built into  megato de ne awell-typedinterface
to thelnfopipesparadigmIt doesnotaddression we mightimple-
mentanInfopipetoolbox. This requiresbuilding actualimplemen-
tationsof infopipe componentsandbuilding wrapperfunctionsto
give actualhardwaredevicesthetypesnecessary

14. Example: Modular Arithmetic

In this examplewe shav how to usethe Curry-Hovard isomor

phismto de ne the modularintegers. The value of the modulus
will be capturedby a type index of the new type. This allows us
to usea singledata declaratiornto describethe integerswith ary

modulus,andthe typeswith differentmoduli to be statically dif-

ferent,yet we needonly write a single de nition for eachof the
modulararithmeticde nitions. Consider:

data Mod: Nat ~> *0 where
Mod:: Int -> Nat' n -> Modn

x:: Mod#3
X = Mod6 #3
y:: Mod#2
y = Mod6 #2

A value of type (Mod n) storesa normallInt (its value)anda
(Nat' n) (its modulus).Note how the variablesx andy have the
samevalue (6) but differenttypes.Thuswe canusethe type sys-
temto prevent programmerdrom addingnumberswith different
moduli. Yet, we needwrite eachoperationonly once.

natTolnt :: Nat' n -> Int -- A conversion function
natToint Z =0
natTolnt (S n) = 1 + natTolnt n

normalize Modn -> Modn
normalize (Mod val n) = Mod(mod val (natTolnt

n) n



plusM :: Modn -> Modn -> Modn
plusM (Mod a n) (Mod b _) = normalize (Mod (a+b) n)

minusM:: Modn -> Modn -> Modn
minusM (Mod a n) (Mod b _) = normalize (Mod (a-b) n)

timesM :: Modn -> Modn -> Modn
timesM (Mod a n) (Mod b _) = normalize (Mod (a*b) n)

Somemoduli, but not all, supporta multiplicative inversefunction
suchthatx (inv y) = 1. Theonly modulithatsupportheinverse
function are moduli that are prime numbers.We can de ne this
functionby usingEuclid'sextendedyreatest-common-denominator
function. But moreimportantlywe cangive it atypethatprevents
its useif themodulusis not primel

invM :: forall n . (Prime n) => Modn -> Modn
invM (Mod a n) = Mod(mod b n) n
where n' = natToInt n
(,_,b) =gcdn a

gcdpg| g>p=gcdqgp

ged p g | g9==0= (p,1,0) o

ged p g = (gylxl - (p divi q)yl)
where (g,x1,yl) =gcd g (p ‘'mod’ q)

Herewe have useda static propositionPrime that mustbe estab-
lishedat compile-time,asanobligationto thetype of thefunction
invM. Writing a completelygeneralPrime propositionis dif cult
(but notimpossible but still beyond the scopeof this shortnote).
Fortunatelyif we know in advancethe rangeof prime numberswve
wish to usewe canwrite a Prime propositionthatsimply enumer
atesthe primenumbersof interest.

-- Primes:
prop Prime :: Nat ~> *0 where
Two : Prime #2
Three :: Prime #3
Five Prime #5
Seven :: Prime #7

We tendto think of this asa programmingpatternsimilar in struc-
tureto theuseof theclasssystenin Haslell. Whenwedon't have a
generalprescriptionfor de ning operationsver all types,we sim-
ply enumeratehe typesof interestby writing a classinstancefor
eachof them.

15. Whyis megaStrict?

In a strict languagefunctionscompletelyevaluatetheir aguments
beforeexecutionof the body of the functionbegins. This turnsout
to have a bene cal effect on mega. Implementing megaasa
strictlanguagewvasoriginally a pragmaticconcern-we knew how
toimplementstrictlanguagesiWeweremoreconcerneavith trying
out the ideasembeddedn our new featuresthan being strictly
faithful to the lazinessof Haslell. But, as our experiencewith
mega accumulatedthe useof GADTSs as proof objectsbecame
moreimportantthanwe had rst imagined.

It is importantfor proof objectsin  mega to attestto true
things.Thatis, regardedasalogic, mega shouldbe sound.This
requireghatthe only inhabitantof a propositionbe oneof thewell
formedobjectsbuilt fromits constructorsThisrequireshatbottom
not be an inhabitant.Strictnessis part of the meansto that end
(thoughnotthe only means).

Ourgoalis to eventuallyprove that mega is soundlogic. We
have not donethat yet. We expectthe soundnes®f mega will
follow from thefollowing properties:

Subject Reduction. The type of every termin the language
shouldbeinvariantunderevaluation.

Termination. Non-terminatiorwill betracked.All “theorem”
functions,whosetypesare usedas propositionsmustbe total
and terminating.Note that dynamicwitnessobjectsare not a
problem.In a strict languagef a programreachesa program
pointwith avaluethathasa dynamicwitnesstype,thatwitness
valuecannotbe bottom.

Consistency Therewill betypesin theterminatingfragmentof
thelanguagehatdo not have ary inhabitants.

The possiblemechanisnfor trackingterminationin  megaare
currentlybeingdiscussedCommentsn thisissuearewelcomed.

16. Separating Typesfrom Values

Thedesignof mega separatesypesfrom valuesby design.Our
reasorfor completelyseparatingypesfrom valuesstemsrom two
desiresFirst,we wishto maintaintheprogrammingstylethatfunc-
tional programmersare accustomedo, andthis includesa strong
distinctionbetweertypesanvalues.Our experiencewith Cayenne
hascorvincedusthatremoving this distinctiondrasticallychanges
theway we programwheneer we useary of thedependent-typing
featuresof Cayenne.Second,we hopeto build efcient imple-
mentationsandthis requiresperformingas much computationat
compile-timeasis possible Computatiorat thetypelevel happens
only at compiletime. The goalis to allow usersto specifyhow to
distributethe computatiorbetweercompiletime andruntime.

The mostimportantconsequencef not separating/aluesfrom
typesis the loss of the opportunityto use an erasuresemantics,
andthe ensuingincreasean the amountof explicit type annotation
required An erasuresemanticss only possiblewhenthereexistsa
strict phasdistinctionbetweervaluesandtypes.In suchasetting,
type abstractionsand type applicationsin polymorphicprograms
canbemadeimplicit, andtheir effect canbe“erased”at runtime.

This can be bestillustratedby an example.Considerthe Seq
datatypen two differentcontexts. In the rst contet, wherevalues
andtypesarethe same we borrav somenotationfrom Dybjer[1]]
(but castit in the style of mega for consisteng). We de ne
re nementof the list type, wherethe staticlengthof thelist is a
typeindex to the constructoffunction Seq

data Seq: (a:Set) ~> (n: Nat) ~> Set
Nil::  (a :: Set) -> Seqa Z
Cons:: (a:Set) -> (n:Nat) ->
a->Segan -> Seqga (S n)

where

We useSet to bethe “type of types” (sortof like *0), andthe
constructorgnustbe explicitly appliedto their type parameterga
andn), like ary of their otheramguments We have to write these
amgumentsevery time we useoneof theconstructordNil or Cons

In the secondcontet, typesandvaluesare separatedthe type
parametersare implicit, and while they are still there, the type
checkingmechanismcan automaticallyinsert them, and the dy-
namicsemanticgansafelyignorethem.

data Seq: *0 ~> Nat ~>*0 where
Nil::  Seqa Z
Cons:: a -> Seqn a -> Sega (S n)

This helpskeepthe typing annotationgo a minimum, one of our
goals.Several systems[211] allow the userto indicatethat some
type parametersare strictly constant,and thus their annotations
canbe placedby aninferencemechanismlf the users indication
is incorrect,then the inferencemechanisncan fail. With a strict
separatiorbetweertypesandvalues thetypeabstractionsindtype
applicationannotationganalayswe inferred.Of coursewe pay



for thiswith alossin expressiity, but our experiencendicateshat
much(if notall) of this losscanberecoveredby the usesingleton
types.Our experiencein writing scoresof mega programdeads
usto believe thatis thecase.

In addition, singletontypesallow usersto choosewhen they
mustpasstypesat run-time,andthey allow usersto slip between
static and dynamictype-checkingat will, in a single framework,
andevenin asingleprogram.

It mightbedesirabldo have differentterminationpoliciesatthe
typeandvaluelevel. Most currentsystemsenforcethattypecheck-
ing terminatesin thecurrent megasystemit is almostcertainly
possibleto de ne theoremghat causethe constraintdischaging
mechanisnto loop, and thusfail to terminate.But is this really
dangerous8houldnt thegoalbeto preventthedeploymentof pro-
gramsthatgo wrong at run-time?It might be advantageouso use
heuristicapproachefor solvingcompile-time computationafues-
tionsevenif they don't alwaysterminate.

17. RelatedWork.

Thedesignspaceof languagesndsystemghatexploit the Curry-
Howardisomorphisnmis large.We have choserasmallcornerof the
designspacehatmalkesastrictphasedistinctionbetweenypesand
values.We alsohave a strongdesireto minimize type annotations
and other administratve work. A comparisonof relatedwork is
bestperformedn thelight of this designdecision.

The programmindanguageCayenne[21] is closelyrelatedto

mega, but choosesot to separateypesand values.This leads
to a style of programmingwheretypesare passedsvalues.This
changeshe stylein which we program,sometimedrastically First
and foremost, our experienceabout which programswill type-
checkis often wrong. It is often hard to determinewhen type
checkingwill succeecindwhenit will fail.

In contrast, mega allows usersseveral static alternatves to
passingtypesasvalues.Typeindexes canbe usedto index a data
structureby its properties ratherthan passa separatgtype-like)
valueto describeits propertiesIn addition Cayennehasnothing
like mega's staticconstraints.

Much of the powver of mega stemsfrom the power of the
GADT mechanismlts mostimportantfeatureis that the range
of a value constructorfor a type constructorT may be an ar
bitrary instanceof the type constructorT. Several other mech-
anismsalso supportthis feature,but choosea point in the de-
sign spacewhere types and values are indistinguishable. They
include Inductive Families[8, 11], theorem provers (Coq[37,
Isabelle[26), logical framewvorks (Twelf[28], LEGOJ[20]), proof
assistantgALF[23], Agda[7]), and dependentltyped languages
(Epigram[2], RSP[35]).

Several systemschoosea point in the designspacecloserto
ours,wherethe distinctionbetweentypesandvaluesis presered,
but without the static propositionsof mega they are less ex-
pressve. We owe muchto theseworks for inspiration,examples,
andimplementatiortechniquesTheseincludeGuardedRecursie
DatatypeConstructors[4]l. First-classphantomtypes[§, Wobbly
types[18§, and Silly Type Families[3. In thesesystemstype in-
dexesarerestrictedto typesclassi ed by *0, becausehe systems
have no way of introducingnew kinds. We considerthe introduc-
tion of new kindsasanimportantcontrikution of our work.

Aside from the introduction of new kinds and static propo-
sitions, there are mostly minor syntactic differencesbetween

mega and GuardedRecursve Datatype Constructors(GRDC)
[41]. We believe that an important syntacticdifferencebetween

mega and GRDC is thatin GRDC prototypeinformation for
type checkingis attachedto patternmatchingforms like case.
In megatype checkinginformationis attachedo function dec-
larations,and is propagateddy the type checler inward to case

expressionsandotherpatternbindingmechanismsi\e believe this
minimizesthe burdenon the programmer

The work of Hinze and Cheng[6] is the inspirationfor our
implementation. mega startedlife as an implementationof the
languagein their paper It quickly gren a richer syntax, rank-N
polymorphism[1T, extensiblekinds, static constraints,and type
functions.

Wobbly Types[18 describesSimon Peyton Jonesand col-
leaguesattemptto addGADTs to the Glasgav Haslell Compiler
It focuseson minimizing usertype annotationsand developsan
alternatve to using equality quali ed typesin the type checking
process.t replacesthe setof equalitiesinside the type checler
with an explicit substitution.Discussionswith Simon helpedin-
creasdherobustnes®f the mega typechecler.

Silly Type Families[3]is an old (1994) unpublishedpaperby
Lennart Augustssorand Kent PeterssonThe idea of GADTSs is
completelyevident, including several interestingexamples.lron-
ically, in the conclusion,the authorsdeprecatehe usefulnesof
GADTsbecausehey did notknow how to constructGADT values
algorithmically As we demonstrateheseobstaclesolongerhold.
Theirinterestingpaperis way beforeits time, andis now available
ontheauthors website by permissiorof Lennart.

Thework onRe nementTypes[43 9] standsalonein separating
typesfrom valuesandin supportingindexes of kinds otherthan
*0. Herethe setof indexedtypesis usuallyviewed as x edby the
compiler And eachoneis accompaniedby a decisionprocedure.

mega can be viewed as a next logical stepin this direction,
allowing usergto de ne their own indexes,andtheir own functions
overthem.

Work ontyping GADTSincludesVincentSimonetandFranois
Pottier's paper[33 on type inference(ratherthan type checking)
for GADTs. And Martin Sulzmann work[34, 36] on translating
GADTsinto existentialtypes,andusingtype constraintgo dotype
inference.

Our pathto GADTSs startedin thework on equalitytypes.This
work wasbasedon the ideaof usingLeibniz equalityto build an
explicit witnessof type equality In - megawe would write

data Eqa b = Witness (forall f. f a -> f b)

The logical intuition behindthis de nition is that two typesare
equalif, andonly if, they areinterchangeabl@ ary contet (the
arbitrary type constructorf ). Note how this relieshearily on the
useof higherrankpolymorphismTheauthor rst encounteredhe
germof thisideain 2000[3§. It waswell developedtwo yearslater
in 2002[4 14].

By judicioususeof equalitytypes,onecancodeup ary GADT
like structure Considerthe TermGADT redonethis way.

data Term a
= Const a
| exists x y.Pair (Eq a (x,y))(Term x)(Term vy)
| exists b . App (Term(b -> a)) (Term b)

pair :: Terma -> Termb -> Term (a,b)
pair = Pair (Witness id)

Programmingvith Eqwitnessesequiresbuilding explicit cast-
ing functionsCJ[a] ! CJb] for differentcontets type C. Thisis
bothtediousanderrorprone.Programmingvith withesseslsohas
someproblemsor whichnosolutionis knownt. Thethesisby Emir
Pasalic[24]illustratesthis onmary exampleslt alsoillustrateshow
importantit is for thecompilerto maintainthe equalityconstraints.

1l.e.givenawitnesswith type(Eq (a,b) (c,d)) it is notknown how to
constructanotherwitnesswith type (Eq a c¢) or (Eq b d). This should
bepossiblesinceit is a straightforvard consequencef congruence.



Theuseof kindsto classifytypeshasa long history[5, 16, 22].
Adding extensiblekinds (and higherclassi cations)to a practical
programminglanguagelike megais the naturalnext step.The
notion of an in nite hierarchyof values,types,kinds, sorts, etc.
hasbeenusedin constructve typetheoriesfor avariety of reasons.
HarperandPollack[17 callthishierarchyUniversesandenumerate
thereasonshey have beenusedasfollows:

1. Philosophical- predicatve v.s.impredicatve typetheories.

2. Theoretical- limitationsonthe closurepropertief typetheo-
ries.

3. Practical- To achieve someadantagesof a type of all types
without sacri cing consisteng

They describea systemwith universe polymorphism,allowing
usersto introducea single new structure,and thenuseit at ary
level of the hierarchy aslong as a consistentassignmenof each
termto somelevel of the hierarchycanbefound (or inferred).

If suchasystencouldbeincorporatednto mega,thenthedis-
tinction betweerdata andkind declarationsould be eliminated
andinferencecould be usedto assigrna level to eachterm.

Finally, Dugganmakes use of kinds in his work on dynamic
typing[1Q in a mannemreminiscenof our work, but the introduc-
tion of new kindsis tied to theintroductionof types.

18. Conclusion

In logic thelogical languagés typically divided betweenthe log-
ical part, which includesthe quanti ers and connecties, and the
extra-logical(oftencallednon-logical)part,whichis speci c to the
domainof discourseandincludesconstantsfunctionsymbols and
predicatesymbols.

Curry-Howard, for traditionallykindedsystemgivesyou all of
the logical sentenceshut thesedon't expressthings of directin-
terestto the programmerWhat's missingis all the extra-logical
predicatesandterms.Of course one canusethe Calculusof Con-
structionstrick, and nd thatfor higherorderlogic the modelsare
rich enoughthat they containisomorphiccopiesof every struc-
ture in ordinary mathematicshut oneis still usinga logical lan-
guagewith an empty extra-logical part. The problemwith using
the Curry-Havard isomorphismas a practicaltool in a program-
ming languages not the weaknes®f the logic, it is the lack of
structureg(that relatedirectly to the program)with which to say
interestingthings.

The three extensionswe proposeallow the userto de ne in-
terestingextra-logicalstructuresin particular our propositionsare
predicatesymbols,andour type functionslike plus on kind Nat
arefunction symbolsin thelogic. Extendedkinds, andthe ability
to usethesekinds astypeindexesto typesof kind *0, provide the
power to have a non-trivial extra-logicallanguagehatdirectly re-
latesto the programwritten by the user/deeloper

GADTsandanextensiblekind systenprovide anaturalway for
programmer$o extendthelogicallanguagef thetypesystemwith
conceptselevantto the programbeingdeveloped.Theresultis that
the programmenbtainsthe ability of Logical Framevorks[13 27]
to enrichthe logical languagewith extra-logical featureswithout
sacri cing thelook andfeel of programming.

Singletontypes,andotherindexedtypesbridgethe gapcreated
by the phasedistinction. They allow the extra-logical language,
introducedby the programmerusing GADTs and kinds, to be
directly relatedto values.And more importantly they allow the
programmeito manipulatethesevalues,while safely maintaining
their connectiorto thelogical world.

Our primary interestin usingGADTS, kinds, and static propo-
sitions, is usingthesenew featureseffectively [25, 29, 31, 32]. In
particular what otherfeatures(suchas monadsrank-N polymor
phism)magnify their effect, andwhat programmingpatterng(wit-

nessobjects,singletontypes)canbe usedto solve recurrentprob-
lems?Will thesetechniquedeadto morereliableandtrustworthy
programs®ehopeso,but only if usersnd themin theirprogram-
ming languageof choice.

19. Status

mega hasbeenimplementedIt canbe downloadedby following
thelinks from theauthors homepage www.cs.pdx.edu/~sheard .
All the featuresllustratedin the paperareavailablein the current
implementation.

Much work remains,especiallyfor the prop construct.The
kindsof propertiesvecanexpressn megaarelimited by whatwe
canexpressaspropositionsandhow effectively we candischage
propositionsThe structureandorganizationof the theoremprover
insidethetypechecler thatdischagespropositionss currentlythe
focus of much of this work. For example, handling overlapping
rules, permutatve rules,andproviding stratgieson how to apply
rules will be needed.Currently the theoremprover consistsof
a non-backtrackingbacking-chaininginferenceengine.This has
beensufcient to demonstratéhe conceptbut will certainlyneed
to bestrengthenedndgeneralized.

The power of mega stemsfrom its unique combinationof
features.

New kinds, and witnessobjectspraovide a directlink between
the programand its properties.These rst classobjectspro-

vide the extra-logicalvocalulary to describethe propertiesof

programsEachhassemantianeaningwithin the programming
languageindependenbf its role asa logical entity. The con-
nectionbetweernprogramand propertyis not cloudedby some
impreciseencoding.They provide semantidinks thatcant be
forged.

Separatevaluesfrom typesto maintaina familiar functional
programmingstyle. Singletontypes and other indexed types
bridge the gap createdby the phasedistinction. They allow
theextra-logicallanguageintroducedy theprogrammeusing
GADTs andkinds, to be directly relatedto values.And more
importantly they allow the programmerto manipulatethese
values while safelymaintainingtheir connectiorto thelogical
world.

Managemendf theconstraintss performednsidethelanguage
using the well understoodmechanismof constrainedtypes.
Constraintgeneration,propagation.and dischaging are han-
dled automaticallyby the programminganguagetype system.
They cannotbelost, forgottenor mislaid.

Partitioning of the constraintmanagemeninto static and dy-
namic parts, allows the userto choosewhen constraintscan
bedischaged.If a constraintcannotbe dischagedat compile-
time, the framework suppliesa soundmechanismto dischage
it dynamicallyat run-timeby a simple patternmatchagainsta
valueof a dynamicwitnesstype. This allows the userto write
a programthat effortlessly slidesbetweenstatic and dynamic
checking.
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